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ABSTRACT

We consider the initial value problem for the coupled Shrédinger equations of one
dimensional space:

10y + Auy =y 00, \uk|p|uj|p_2uj,t € R,
u; (0, ) = ¢;(x),z € R,

where m > 2 is an integer and v € R*. At first, assuming s > % and p > 2 is an
even integer, we establish local existence and uniqueness of solution for this Cauchy
problem with initial data ¥ = (¢;)1<j<m € (H®)™. The second part is devoted to
global well-posedness of the problem with L2-initial data when p € [2,3[. Let us
remark that assumption p > 2 seems to be technical and yields to the restriction of
studying the one dimensional problem.

KEYWORDS
Nonlinear Schrédinger system, well-posedness, power type, mass conservation,
iteration principle.

1. Introduction

In this paper, we consider the m-component coupled nonlinear Shrodinger equations
with power type nonlinearities which is denoted (CNLS),:

10w + Aug =Yy |uglPlus|P2uj,t € R,

1
uj(0,2) = v;(x), z € R. 1)

Here m > 2 is an integer, u;(t, ), ¥j(x)(1 < j < m) are complex valued functions and
v € R*. Let us recall that single equation is called the nonlinear Shrodinger equation
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which is denoted (NLS),:

u(0,z) =¢Y(x),z € R, @)

{ i0pu + Au = yuP~lu,t € R,
where u(t, x) and ¥ (x) are complex valued functions and v € R*. This equation arises
in many physical problems. In fact (NLS), comes from the theory of quantum me-
chanics. It is also one of the most universal model which describes the evolution of a
wave packed in weakly nonlinear and dispersive media. In particular, when p = 3, the
equation (N LS)3 occurs to model the propagation of waves in optical fibres. When the
dimension of the space exceeds two, the focusing of laser beams and the bose Einstein
condensation phenomenon are modeled by the (NLS),. The problem of well-posedness
of the one component equation (IVLS), has been studied and widely investigated, for
example we can review [3, 4, 7, 14, 15] and references therein.

Concerning (CNLS),, this kind of m-component coupled nonlinear Shrodinger
equations models physical system in which the field has more than one component, for
example in optical fibres and wave guides, the propagating electric field has two compo-
nents that are transverse to the direction of propagation. The (CNLS), system arises
in the Hartree-Fock theory for a two components Bose-Einstein condensate. For the
derivation and more applications of the system (CNLS),, we refer to [1, 5, 6, 18, 19].
Before we proceed to the discussion, it is useful to look at the most vital symmetry
of the equation (CNLS), which is scaling. For every A > 0 and | € R, we introduce
uj(t,z) = Nuj(A*, Ax), one can observe that:

Oruja(t,x) = )\l+2(6tuj)()\2t, Ax); Auja(t,x) = )\l+2(Auj)()\2t, Ax).
Then, it follows that:

)\l+2 m )
i0puj ) + Dujy = thver=m > gl AP
k=1

So, the function uy = (uj\)1<j<m is a symmetrical solution for the Cauchy problem

1
(CNLS), if the power of A equals to zero, that is [ = — Observe that
p—

1 1

[wjn(t,)llze = ,\;71—2(/R [y (Nt 9)Pdy)s = Ao 2 uy (A, ) 2.

Then, the L? norm is unaffected by scaling when p = 3, this exponent is called the mass
critical exponent. For smaller p, that is p €|1, 3[ which is called the mass subcritical
exponent, contracting time reduces the size of the L? norm. This is the effect that
will be exploited to build up solutions by introducing Duhamel’s formula and an
iteration principle. Unlike in the subcritical regime, contracting time for larger p, that
is p €]3,400], increases solution norm. This makes more difficulties to work within
that region, we are in the mass supercritical case. It is the aim of this paper to establish
the well-posedness results for the (CNLS),, by looking in a parallel way to what we
have for the one component equation (NLS),. Thus, to establish local existence for
(CNLS), with initial data in (L?)™, we use contraction mapping techniques based on
Strichartz estimates, see [2, 3, 15, 16]. Intensive work has been done in the last few
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years about the coupled Schrédinger equations, see [10-13, 17] and references therein.
But, the most of these works treat the problem (CNLS), with initial data in the
energy space (H')™. Despite the partial progress made so far, many difficult questions
remain open and little is known about the Cauchy problem (CNLS), for initial data
n (L?)™. Actually, the problem with initial data in (L?)™ is still open for higher
dimension.

The manuscript is organized as follows. Section two summarizes the main results
established in this paper. Section three presents the tools needed for the existence
results proved here. Section four is devoted to proving well-posedness of the problem
(CNLS), with regular initial data. Finally, in section five we give a proof of the global
well-posedness of our system for much rougher initial data, that is ¢ = (¢j)1<j<m €
(L2)m.

2. Main results

We first introduce some notations. In this work, we will consider the Lebesgue
spaces LP(R) equipped with norms

1fllp = (/]R [F(@)Pdz)? ; || flloo := sup ess| £ ()]

zeR

Taking s in R, we consider the fractional Sobolev space H*(R) which is the set of
functions f in L?(R) for which

£ Ilzz= == [1(1+ [€1)2FLF1(E)Il2

is finite, here F[f] is the Fourier transform of f which is defined as follows:

1 .
S = m/Rf(x) exp(—iz€)dz.

The Fourier transform is defined on the class of the Schwartz function and then ex-
tended to tempered distribution. Its inverse operator is defined as the following:

56 = j% / f(x) expliz€)da.

We need to define some Bochner spaces on I an interval of time which can be closed
if necessary:

LI(I, L7 (R)); LY(I, H*(R)); C(I, L' (R)) and C(I, H*(R)).

For the borel-mesurable function u : (t,z) € I x R — C, we define the norms of the
spaces listed above

Q=

el oy = /] lu(t, ) 4dt)

T /I la(t, )% de) s, 1< g, < o,
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ullorr(rxry = sup lu(t, )|lr 5 |ullorsrxr) = sup lu(t, )| gs, 1 <7 < oo.
tel tel

Also, we need to define the space S(I x R) which is governed by all Strichartz norms
|- | Lo (7xr) Where (g,7) satisfies the admissibility conditions:

2 1 1
-+ -==3;2<gq,r <oo.
qg r 2

So, for any function f € S(I x R), let

| flls(rxr) = sup [ fllzoz-(rxm)-

(¢,r) admissible

Then, the dual space of S(I x R), which will be called N(I x R), is equipped with the
following standard norm:

l9lln(rxr) = sup / g(t,x).f(t, z)dtdx
FESIXR), || flls(rxr)<1JIXR

If X is an abstract space, then X" will denote the product space X x X x ... x X
with m components. Moreover, if © = (u;)1<j<m € X™ and || - || x is the norm of X,

then ||u||x= = sup |[u;||x is the norm of X™. In the remainder of this paper, we
1<5<

will note v = (u;) without any precision for the range of j.

Once we have introduced notations that we need. We say that an initial value problem
for partial differential coupled Shroédinger equations is local well-posed in some given
space X if

e there exists a time interval [—T, T, in which the problem has a solution in X,
e the solution is unique in X,
e the solution depends continuously on the initial data.

We prove at first the following result which is crucial to produce some bounds for the
nonlinear term.

Lemma 1. For any a,b,a,8 € C and p > 2, we have
a1~ 26—laP|31P~281 < 2p{Jal?C Db~V +a PO+ |50 D (a—al+b—5).

Now, we need to transform inequality obtained in the previous Lemma in to in-
equality with the H*(R) norm. Let us remark that |||f|||z- and || f||z: may be quite
different. To ovoid dealing with absolute value, we make use of the expansion | f|? = f.f
and the fact that || f|| g+ = || f| g Therefore, we are most interested in the case where
p is an even integer. So, the nonlinearity can be expressed as:

P -2

P P
|uk|p|uj]p_2uj =ujus u‘k2ujp2 .

Lemma 2. Let s > % and q € N*. Then, the following inequality holds for any
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u,v € H*(R):

q—1
—1-k
lu? = ol < C(s,@)lw = vl Y llullf " [lollfe,
k=0

where C(s,q) > 0 is a real constant depending on s and q.

Lemma 3. Let s > % be a real number and p > 2 be an even integer. Then, for all
u,v, f,g € H¥(R) we have

_ _ 2(p—1
ulP[vP~20 = | £PlgP2gllm < Cls,p){ D HRIR D (e~ fll + [l — gll-).
he{u,w,f,g}

Here C(s,p) > 0 is a real constant.

Based on these Lemma and a fixed point method, we prove the local well-posedness
of the problem 1 in H*(R)™ for some range of the exponent p.

Theorem 1. Let s > % be a real number and p > 2 be an even integer. Assume that

Y = (;) is in H¥(R)™, then

e for all R > 0, there exist T = T(R,s,p,y,m) > 0 such that, if ||| @)~ < R,
then there is u = (u;) € C([=T,T], H*(R))™ that solves the problem (CNLS),
on [-T,T],

e u is the unique function in C([-T,T], H*(R))™ that solves (CNLS),,

e the solution depends continuously on the initial data.

Now we state that global well-posedness holds in the Strichartz space S(R x R)™
with any data in L?(R)™ and a subcritical exponent p € [2,3]. Notice that the L2-
theory does not see the difference between the defocusing case v > 0 and the focusing
case v < 0.

Theorem 2. Let p be a real number such that p € [2,3[ and assume that ¢ = () €
L*(R)™. Then we have

e for all R > 0, there evist T = T(R,p,v,m) > 0 such that, if ||| 2@~ < R,
then there is u = (uj) € C([-T,T], L*(R))™ that solves (CNLS), on [-T,T),

e u is the unique function in the space S([—T,T] x R)™ that solves (CNLS)y,

e the solution depends continuously on the initial data.

In this Theorem, we only state uniqueness of the solution in the Strichartz space
S([-T,T] x R)™. It is not known whether the uniqueness result can be extended to
C([=T,T], L*(R))™. Once local existence is established, the uniqueness for small time

allows us to define the maximal solution u on the interval [-T', T] where

T = sup{T > 0, such that (CNLS), has a solution on [0, 7]},

T = sup{T > 0, such that (CNLS), has a solution on [T, 0]}.

Our aim now is to establish that maximal solutions for the problem (C'NLS), with
initial data in L2(R)™ are global solutions. We need the following results, the first one
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is a classical result concerning conservation of the mass, the second one is a blow up
alternative.

Lemma 4. Let u € C([-T,T], L*(R))™ be a local solution of the Cauchy problem
(CNLS), with initial data 1) € L*(R)™, then

[Juj(E, )2 = [l ()2, V¢ € [=T,T]. (3)
Lemma 5. Assume hypothesis of Theorem 2. If T < oo, so there is j such that

tim [l (£, ) 2y = +00-

Analogous result holds if T < oo.
Using these results, the maximal solution is actually global.

Corollary 1. Assume hypothesis of Theorem 2. The Cauchy problem has a unique
global solution v € S(R x R)™

3. Tools

Let recall that using some properties of the Fourier transform, we can rewrite the
free Shrodinger operator S(t)f = e f as following:

S(t)f =3 H(exp(—it] - [*)) * f.
Then, we summarize some of its properties in the following Lemma:

Lemma 6. We have:

e S(t) is an isometry of L*(R),
e the adjoint of the operator S(t) is S(t)* = S(—t),

t
e Duhamel formula: S(t)y — i'y/ S(t — s)|uP~tuds is the solution to the problem
0
(N1S)p.

In order to prove local existence for the nonlinear coupled Shrédinger equations, we
need some space-time estimates.

Theorem 3. (Strichartz estimates, see [2, 8])
Let (q,7) and (q1,71) be two admissible pairs. Denoting by q; and | the dual exponents
for q1 and r1. Then, the following estimates hold:

1S fllzerrrxry < C(@)f 12, (4)

H/ t — 8 dSHLqu (RxR) < C(QaQI)HFHquLT 1(RxR)’ (5>

for some different positive constants C(q) and C(q,q1).
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In order to prove Lemma 1, we make use of the following Lemma:

Lemma 7. (See [9])
For any a,b € C and p > 1, we have

lal’~ta — [bP~ 6 < 2p{lal”™" + [P~ }|a — b].

Results in Lemma 2 and Lemma 3 need some Banach algebra properties.

Lemma 8. (See [15])
(1) If s > 0, then for all f,g € H*(R) N L*(R) the following Leibniz rule holds
1fgllze < Cr(s){l1F Nl a=lglloc + I Flloollgl e }-

(2) If s > 1, then we have

19l < Cals) I f 1l llgll e
where C1(s) and Cy(s) are two convenient positive constants.

Lemma 9. (See [9])
Let s > % be a real number and p > 1 be an odd integer. Then for all u,v € H*(R) we
have

™ w = P~ ollge < pCals)P {Ilullf’ + ol Hiw = vla-.
Especially here, in order to determine correctly the constant which is not claimed

in [9], we repeat its proof. When p = 1, it is obvious that inequality holds. Assume
p > 1, we have

llulP ™ = ool = [ =08 |
ptl_p-t Pl _p=s _ Pl _p=3 _ ptl _p=5 o
< Jluzaz —uzuzdg+|uzazo—uzaz o7y
ptl__p-3 Pl _p-1 ptl _po1 Pl _po1

+ -|-Hu 2 UV 2 —U 2 VU 2 HH5—|—Hu 2 V2 —U 2P 2 HHS

p—1
_ —1-k

< Cols)P Mu — vl =0 Nl = vl

k=0

Thanks to the Young’s inequality, we get

k
p—1

—1—ky ik p—1—k —1 —1
Jullf ol fs < ————llullf." + [oll
p—1
Then

— — — —1 -1
P~ — [0 ol < pCo(s)P~H{llullfr” + ol Hiw = vll-.

Now we state an other important result which concerns the fixed point theorem used
to prove local well-posedness for our nonlinear problem.
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Theorem 4. (Iteration Principle, See [9])
Let E and F be Banach spaces. For any operator i - F — E and v : E — F which
satisfies:

o the operator u is linear and bounded,

VieF|uflle <Clfllr (6)

e the operator v needs not to be linear, v(0) = 0 and for some r > 0 we have

Vi.g € Bor = {h € B, |hlls < 2}, ()~ vlo)llp < 5 f — gl (D

Then

e for all ¢ € B,., there is a unique solution u € Bs, to the equation

u= ¢+ puv(u), (8)

e if v € By, solves the equation v = ¢ + uv(v) where ¢ € B, then we have

lu—vlle <26 - ¢lle (9)

4. Local well-posedness for regular data

At first, we are going to prove two lemma mentioned above.

4.1. Proof of Lemma 1

Note that if we are in one of these cases a = 0,b = 0,a = 0 or 8 = 0, then the desired
result is obvious. For example and without losing generality, when a = 0, we have

- _ 11 _ _
laf?181P=25] = |al a1 |BIP~" < S{la®7Y + [BEE7V}(ja - 0] + |8 — b]).
In the case |a| = |b] and |a| = |B], from Lemma 7 we obtain
[B[P# 6 — 8PP~V 8] < 2(2p — D{BPEY + 8PV} b - B].

This implies the desired inequality. Now and without losing generality, we treat just
the following cases.
First case: Assuming that |a| > |a| and |b] > ||, we have

lal?[b[P=2b — [afP|BP725] = |alP[bP~H1 — |2[P|y P2yl (10)
o B : : .
where r = — and y = X Using the triangle inequality, we get
a

1= |zPlyP~?yl < 11— 2P|+ |2P[1 = [yP~2yl. (11)
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Using Lemma 7, one can write
11— [y[P 2yl < 2(p = DL = yl(L + [y~?). (12)
At first, we assume that p is an integer. Since |z| < 1, we have
p—1
1=zl <[1—2] ) |z|* <pll -l (13)
k=0
Then, equation (11) becomes
11— |zPly =%yl < plL — 2 +2(p = D21 -yl (1 + |ylP~2),
Combining with (10), we get
lal?[p[P=20 — [a[P|8[P~25] < al B[P~ {pl1 — 2| +2(p — D21 — y|(1 + [y[P~2)}.
Replacing = and y, it derives that
lal?[b[P~2b—|alP[BP~28] < plaP~ B[P~ a—a|+2(p—1){|af?|b]~* +[al?| B[P~} b— 5.
Then, we obtain

lal?[b[P~2b — [a[?|8[P~2B] < 2p{lalP~ b/~ + | B]"~2 + [af?| B[P~} (|a — ol +|b— B]).
(14)
By using Young’s inequality, this yields to

JalP~Hp~t < %{Ia\“”_” + [PV},

ppp-2 < P -1, P2 popen o1 ope1y 1y ee-n
alP|BP2 < L |a2e-D 4 ﬂw?(p—l) < }|a|2(p—1) i }w?(z’—l)_
=20 —1) 200 — 1) =3 2

Then (14) gives the desired result but only for integer exponent
llal?[b["~2b—[af?|8P~28] < 2p{|a|* P~ D+ [b*~ D +|a* D4 |8 VY (Ja—al+[b—B)).

Else if p is not an integer, then we introduce |p| the whole part of p. Since |z| < 1,

this yields to |#|P/*! < |z[P < 1 and then comparing distance between the point 1
and the other points |z[P and |z|P/+1, we get

L= J2fP| < |1 |2|PF).
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Using inequality (13), we obtain

11— Jz’| < ([p] + D1 — 2| (15)
Now, by combining inequalities (12) and (15) with (11) we obtain

11— [ePlyP~2yl < (o) + DL =2 +2(p — D]z[P|L -y (1 +[y["~?)
< 2p{|1 — |+ [2P|L = y[(L + [yP~2)).
. a B .
Replacing = by — and y by R it follows that
a

lal?[b[P~2b —[af?| 87725 < 2p{|alP~ b/~ + [P |B]P~2 + [af?| B[P~} (|a — ol + [b— B]).
Thanks to the Young’s inequality, we deduce that

[lal? bl =2b—af?|B["~25] < 2p{|a]*®~ D+ [p*P D 4 |aPC=D 5PV} (ja—al+[b—F]).

Second case: Here, we suppose that |a| > |a| and [b] < ||, let x = % and y = 5 we
have
lal?[bP~=%6 — |af?|B[P726] = |al?| 8P~ ||ylP~2y — |=[”].
So, by using the triangle inequality, we get
lal?[bP=2b — |a[P[BP~26] < |alP| 8P~ {|ly[P~2y — 1] + |1 — |=["[}. (16)

As above we distinguish two cases for the number p. In the case where p is an integer,
by combining (12) and (13) with (16), it follows that

lal?[bP=2b — |af?|BIP~25] < 2plalP|BIPH{|1 = y|(1 + |y[P~%) + 1 — 2]}

b
Replacing = by % and y by B, it derives that
a

lal?[bP~2b — [a[P|8P726] < 2p{lalP~ B[P~ +|al?| 8772 + |aP|bPP~*} (ja — af + b — B]).
By using Young’s inequality as above, we obtain
[lal?bP~2b—[al?|BP~26] < 2p{|al*®~ D +[pP~ D4 |aPFV 4| 5PE" VY (Ja—al+[b-5)).

Finally, in the case where p is not an integer, we introduce the whole part |p| and
then by interpolating we obtain our desired inequality.
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4.2. Proof of Lemma 2

Let s > % and u,v € H*(R). Taking ¢ € N*, we introduce a suitable telescope sum
and then by means of the Minkowski inequality, we obtain

u? — vz < Ju? — ud ol g 4 Ju? o — w20 | ge + - -+ |Juo?™t — 09| g
From Lemma 8, we have for all integer k such that 0 <k <g—1
lud=FoF — = E kY = [t R () e < o)l G ol llu—vl g+
Immediately, this yields to

qg—1
k—1 k
= e < Cols) = ollare 3 a5 ol
k=0

This implies the desired result by taking C(s,q) = Ca(s)7!

4.3. Proof of Lemma 3

We first remind that s > % and p > 2 is an even integer. Let u,v, f,g € H*(R), we
have

ulPlofP~20 = [ fPlgl" gl = |ubvEa
When p = 2, we have
lful?o—|fPgllm: = |uav—fFglla < |luav—uug|lm:+|uiag—ufgllm+|ufg—f ol

Applying Lemma 8, we obtain

flla:}-

ulPo=1fPgllm- < Ca(s)*{llullir: lo—gllm-+ull gl llu=fl s+ F Lz N gll el

So

lful?o—1fPgllm- < ;CQ(S)Q{HUH%S vl + 1 I +glF 3 (lu— fllme+lv—gllm-)-

(17)
Else if p > 4, we introduce four suitable terms, then by applying the Minkowski
inequality, it yields to

P p_p_p=2
H222

s = fig5 R |l < ll(uFo a5)g" T |t (18)

p—2

wSoS) PRl + [ (F59"% uf)of — (F3g"5 ub)gh o+
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Now, we treat separately each term of the second member of the previous inequality.
Thus, using Lemma 8 and Lemma 2, this yields to

P P P _P p—2
2

_p\_pP=2 P P_P
uz)g 2 |ge < Cos)|uzvzaz||g-|[v

af)o" T — (utv : ——”;2||H

— 2)—k
< Co(s)*" V|l Hv—glleZHvllp gl

By Young’s inequality, we have

(p— 2)

k _
2 2 2
i [i7 +ngHp < ol + gl

k
lol %2 gl <

p

p_p,_p=2 p—2 —_ —2 —2
2u2)g 2 || us 3702(8)2(’7 DYl lol52 + [l gl 5}

lv =gl

ag)ﬁ 2 —(ugv

Then, using Young’s inequality against, we obtain

p—2

_p,_p=2 P p_p,_p=2 p—2 1) 2 1)
az)v e = (uzv2u2)g [l <=5 —Cas )20 D {lul 52 + ol 7

(ot

(19)
2(p—1)

+llgli Yl — gl
With any loss of generality, we expose the method just for the second term from the

right member of the inequality (18) and treat others in the same way. Using Lemma
8, we have

_B=2 B By_B _*22 3p—2 =2 2 2o _p 3
(5" uivB)as — (3" ubv?)f2 g < Cols)™® gl Nulljlvllj. la% = F2)|u-.

Together Lemma 8, Lemma 2 and Young’s inequality, give

pP=2 p p,_P _d P P _ p=2 z
(g% uiv)ut — (3" uiv?)f2 g <02( 2P gll 2 Nollz.lw — £l

Zn 17075 71

Ssz(S) =gl Ilollzy.
{lallr + 115"}

w— fllus

-2
Remarking that pT + g + (p—1) =2(p— 1), then it is possible to write Young’s
inequality with three terms

-1)

2 1
2 gl + + SllullE .

2222 -1 2(p—1
gl ol el < o]l 7~ +
< 1)

( Ap—1)
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and
ol ol DA < 2= cllgl ) 4 s ol 2870+ 2715,
4(p—1) 4p-1) 2

So

p—2 D p—2 » 1 _ _ _
3 5 -1 5 : -1 2(p—1 2(p—1 2(p—1
lglle?s Mol gzl + gl g2 el LA < 5 Clallz ™ + ol + 11152

+ |9l Y.

O e < 20?00 ST Al e = fllae-

hefu,v,f.g}

<

Now, from (19) and analogous inequalities, when combined with (18), this yields to

P P_p_p—2 P P 5P _pP—2 2(p—1
luboaio™s —f2 g8 F25" e < SO0 00 D IAIHE VM (lu—flle+lo—gllae).
he{u,f,g}
Since we have
ulPloP~20 — | fPlg]P~2g|l e = |ubviase"s — f2g5 F55"% |,

taking into account the inequality (17), then we obtain our desired inequality by taking

C(s,p) = %DCQ(S)Q(I’_I), for all even integer p > 2.

4.4. Proof of Theorem 1

We use standard fixed point arguments cited in Theorem 4. For T' > 0, let E = F =
C([-T,T),H*(R))™. Fix R > 0, we prove the existence of some small 7' > 0 which
allows us to apply the iteration principle with the suitable space E. We consider the
operator 1 = (uj) : F — E, each of its components is defined for all f = (f;) € F as
follows

wifi(t, ) / St —71)fi(r,x)dr, (t,z) € [-T,T] x R.

Being an integral, the operator u is linear and continuous in time. Taking the H®-norm,
we obtain

s 5020 = 10+ (€125 8T SO
/ / (1+ €)F exp(—ilé(t — )31 (r. ))(€)dr2de.

By using the Jensen inequality we obtain

i £, e < ItI/RI/O (1 + [€1*)°IBLS5 (. () [Pdr]de.
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Thanks to the Fubini theorem, we get

t
s £8P < 1l /0 1fi(r)3dr .

To check that pf satisfies the bound inequality (6), we use the standard norm
sup( sup || - || z=) which equipped the space C([—T,T], H*(R))™. Then, we get
Jj o te[-T,T]

lnflle < T flle- (20)

Let ¢ = (¢;); € H*(R)™ and ¢ = (¢;); such that ¢;(t,-) = S(t)y;(-) be given by the
first term of the Duhamel’s formula. Assume that ||¢;||z+ < R, by using the inversion
Fourier formula, we have

§[051(t,x) = exp(—ilal*t)F[¥;](t, 2).

It follows that for all t € [T, T

165 (&, e = N[5t )l < R. (21)

Now, let v = (v;); : E = F be defined by
vi(F) = Y Ul LGP 05,98 = (f;) € B
k=1

It is obvious that v(0) = 0. Let u = (u;); and v = (v;); be in the ball of E centered
on 0 with radius 2R. We have

lv(u) —v(v)lle = sup( sup |[lv;(u) —v;(v)l[m).
J te[-T,T)

Then, by using the triangle inequality with the H®-norm, Lemma 9 and Lemma 3, we
get

m

v (u) = v () |ae <y {Ilug PP Dy = (o PP Dol + > Pl P~y
k=L k#j

— JvklP|v; P~ 2| - }-

3 -2
Since we have (2p — 1) — 2P = pT > 0, then

lvj(u) = v ()]l <920 = DCo(sPP DS S [l (s — vk lae

k=1 he{uw,u;,vi,v;}

+ [luj — vjllae).
Then

v (u) — v(v)|[e < 4my(2p — 1)Ca(s) 2P {|ull 5P~ + |[o[|n? DY ||u — v]|
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This yields to

lv(w) = v(0)|le < 8mA(2p — 1)Co(s)*P D 2R)*PVu — v (22)

1
Consequently, let 7' > 0 such that 5T = 8my(2p — 1)Ca(s)?P~V(2R)2P~Y | Applying

the iteration principle given by Theorem 4 with constant C := T, this allows us to
construct a solution u € Byp for the Cauchy problem (CNLS),.

Now, we have to prove the uniqueness of a solution to our problem. Let 7 > 0 and
u,v € E = C([—7,7], H*(R))™ be two solutions of our system, then we define R =
max(||ul|g, [|[v]|g) and w := u — v, we have

{ iOw;j + Awj =y Y (Jug[Plu[P~2uy — [oplPloj[P~20;),t € [—7, 7],

w;(0,z) =0,z € R.

Thanks to the Duhamel form, one have for all ¢ € [T, T

m

wi(t,) = g Y (url?lug [P~ — [Pl P~20;) = (v (w) — ().
k=1

Using previous computations which allows us to (20), we get
[wle < 7llv(u) —v(v)|e.
Thanks to inequality (22), we obtain

() = v(v) |l < 8my(2p — 1)Ca(s)*P ™V (2R)* P~ ||,

1
Fix T' > 0 such that 5T = 8my(2p — 1)Cy(s)?P~V(2R)2P~D | then two cases occur.

1
If 7 < T, then for all ¢ € [—7,7], we have ||w|g < §||w||E This implies that u =
v on [—7,7]. Else, if T" < 7, then and in a same way as previous we prove that
1
|lw|g < §Hw||E but on [-T,7T] C [—7,7]. This implies that v = v on [-7,7] and

then uniqueness for all time [—7, 7] will be produced by a translation argument. Here
it is important to remark that R, consequently T', do not change during all necessary
translation.

To finish the proof of our Theorem 1, we prove the continuous dependence from initial
data. Taking R > 0, let ¢, € B C E and u,v € Bsgp C E be the solutions of our
problem produced by the iteration method with initial data 1, ¢ respectively. By using
result (9) we obtain

[u—vlle <2[IS()¥ = S()¢le-
This, together with (21), give us

lur = uzl|e < 2[[Y = ¢le,
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which produce obviously the continuity with respect to initial data. Thus, our Cauchy
problem is actually local well-posed.

4.5. Proof of Theorem 2

Let (g, 7) admissible, using Holder inequality we have

l9lln(rxr) = sup / g(t,x).f(t, x)dtde < ||gll Lo 1 (1xR)
FES(IXR), ||flls(rxr) <1 JIXR
m
where (¢/,7’) is the dual exponent of (g, r). Let Fj(u) = Z g, [P|u;|P~2ug, writing the
k=1

usual Duhamel form

u;(t,) = S)v;() — Z/O S(t— s)Fj(u)(s,-)ds.

At the sequel, we are going to prove our Theorem by means of the iteration principle
summarized in Theorem 4. Hence, we define spaces E := S(I x R)™ and F := N(I x
R)™, we define also operator i : F — E and v : E — F as in the proof of Theorem 1.
Taking R > 0 and ¢ € (L*(R))™ such that [|1;||2 < R, using the Strichartz inequality
(4) with the unified constant C; = sup C(q) we get

q€[2,+o0]
1S(t)Yillsaxry < ChllYjlle < CLR. (23)
Let us remark that C; does not depend on the interval I = [T, 7] which we will

choose in the next part of this proof. By using definition of the N-norm and Strichartz
inequality (5) we have

|15 Fjllsrxry < CillFjlin(rxw)-

4
We take u, v € Byco,g C E. We make use of (¢,r) = (7]31, 2p), since we have p € [2, 3]
p p—
1 1
then 2 < r = 2p < g < 400. Also, we have —4— = 2 meaning that (g, ) is admissible.
q r
Let us remark that
;T 2p
r = = )
r—1 2p—1

Now, we are going to estimate the L™ (R) norm of v;(u) — vj(v). By using the triangle
inequality we have:

m

D S [T A
k=1,k#j

v <yl PPy — oD

[vj(u) — v;(v)

= lol?lo; P20}



On well-posedness for power type coupled nonlinear Shrodinger equation in R 179

From Lemma 1 and Lemma 7, this yields to

() = v ()l < 29p{lllj = 03] (g P + [0 PED) 2+ (24)

D us = vel + g = w3 (g P27+ Ju PO 4 o PO 4 oy PV .
k=1,k#j

Together Holder and Minkowski inequalities imply

ety = 0310l P00 + [P0 e < gy = 5l g P o PPV

2(p—1)

< g = ojlle Ll 17270 + o 1207V}

A

In a similar way, we obtain

1(Jur = ogl + [ = 03 {0 + Jug PO 4 fo; PED 4 foy P07 DY|,0 <

(Il = vkllr + [lug — vjll){ Z I|R)| 2P~ D)3,

he{uk,u;,vi,v;}

Combining with (24), we obtain

lrj(u) =vi )l <290 € D0 IFIEP D e = velle + llug = w510

k=1 fe{ur,u;,vk,v;}

Since, we have

[vj(u) — vi() N 1xr) < lvi(w) = v ()| Lo b (1,1 xR)

then

loj () =vi@)lIngrrpry <2 D I D IARP D Ny =vj e+ lur—ovk ) llg -

k=1 fe{ujun,v;,ont
(25)

2p—1
L . Consequently, it is possible

1

Recall that ¢ = 1
q [e—

1
L , since ¢ = then — >

to choose a > 0 such that

1 2p-1

q/

1
q a
Using the Holder inequality, we get

— 1 —
ey = o3l llug 127Vl < @T)= Nty — vl g 17D 2

2p—1
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With the Holder inequality another time with respect to

2p—1 1 2p—1
p-1_1 20-1)
q q q

we obtain
_ 1 2(p—1
ity = wyll s 22D < T g = Loz om0 gy (26)

From previous estimates (25) and analogous estimates as (26),derives that

m
v (uw) — v () IN(-11)xR) < 27P(2T) = Z luj = vjllLorr (= 11xR)
k=1

+lluk = vl pon o)l Y e

fe{ug,up,v;,0k}

Taking sup then sup, it follows that
(qr) J

v (u) — v()|lr < 8myp2T)w|lu— v]e{[ul2P ™Y + [[o| 27V}
Since u,v € Boc,gr C E, then
v (u) — v(v)|le < 16myp(2T)= (2C1 R)*P~ |u — v||.

Hence, by choosing T such that

. 1
1 2T) = (2 -0 = —
6myp(2T) = (2C1R) TR
we get

() = @)l < 55 1u = vl

Therefore, assumptions of Theorem 4 are satisfied, then iteration method allows us
to construct a unique local solution in Bac, g for the coupled problem (CNLS),. In
addition, same arguments as in the proof of Theorem 1 give us uniqueness of local
solution for our Cauchy problem with initial data in L2(R)™. Also, the continuity
dependence from initial data will be produced from combining the inequality (9) and
the first inequality from (23)

1S illsrxry < Cillgll-

This complete the proof of the local well-posedness of the system (CNLS), when
initial data is in L?(R)™
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4.6. Proof of Lemma 4

At first we assume that v € C([=T,T], H'(R))™. Such solution for the problem
(CNLS), with initial data ¢» € H'(R)™ exists, one can see [12] for the defocusing
problem and [13] for the focusing one. We multiply by u; the convenient equation
from the system (CNLS),, then conservation of the mass (3) follows by integration

by parts. Hence, using density arguments give us the conservation result with initial
data v € L*(R)™.

4.7. Proof of Lemma 5

Let T < oco. Assume that for all j we have

JR >0, 3 () nen, lim th =T and [Ju;(t])]s < R7.

Taking R = sup R’. By some diagonal extraction techniques using the family of se-
J

quences (t3,)nen, one can find a sequence (t,)neny Which does not depend on j and

satisfies

lim t, =T and luj(tn)l]2 < R.

n—-+o00

We denote by [0,7(R)[ the maximal existence interval of nonnegative time for a so-
lution with initial data ¢ € L*(R)™ such that ||¢)||f2g)» < R. We take k € N such

that ty + T(R) > T. By Theorem 2 and starting from 1 = u(t;), we can extend the
solution u up to t; + T'(R). This contradicts the maximality of the existence interval
[0,T(R)[. In the same way, we treat the assumption T’ < oo.
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